When a complete solution is received, it will be published.

e 5376: Proposed by Arkady Alt , San Jose ,CA

Let a1, a9, ..., an, b1, b, ..., by be positive real numbers such that
b1 <a1 <by<ag <..<ap1<b,<ay.

Let
(. —b1) (x —ba) ... (x — by)

(x —a1) (z—az)...(x —ap)’
Prove that F’ (z) < 0 for any x € Dom (F).

F(z) =

Solution 1 by Albert Stadler, Herrliberg, Switzerland

n

—b
We note that F(z) = H L7 %M i a rational function with simple poles at z = am, 1< m < n.

T — Qm
m=1
The residue of F(x) at x = a, equals (a, — b,) H = 0m 0, since a, > b, and
ay — G
. m#u
a, — b,
—— >0, for m :
tn—am 0 # 1

n
So f(z) = F(z) — Z = — a“ H Z“ — am is a bounded entire function which implies that f(x)
=1 o, G T Am

is a constant. We conclude f'(z ) = 0 which implies

" a,— b, a m
F’(x)z—z(x”_a 5 H M—a < 0 for any z €Dom (F).
=1 1) "

Solution 2 by Ethan Gegner (student), Taylor University, Upland, IN

For all z € Dom(F'), we have

vy - i (e — ) (T (= — 02)" — (T (= — 00) (IT7y (& — ai))’
F (x) n 2
(ITiz (& = ai))

Suppose x = b; for some 1 < j < n. Then

(1)

, . Hi;ﬁ'(x_bi) _ 1 x —b;
Flo) = H?:i(fﬁ—ai) B (x—aj)gﬁf—ai <0

’>Ofora1117éj

since x = b; < a;
Now suppose z ¢ {bl, ...ybp}. Then F(z) # 0, so by equation (1) we have

F)  (Ta@-b)  ([@—a) (1 |
P(z) — [TZ(e = b) [T —a) ; ( >

bi—ai

(x —b;)(x — a;)

F'(x) < 0. Suppose there exists some 1 < j <n — 1 such that a; < < bj41. Then for every

If z < by or z > ay, then F(z) > 0, and < 0 for all 1 < ¢ < n, whence

8



bi — Qa;
) (z —bi)(x — as)
F(z) =TI, i:(; > (. Thus, equation (2) implies F'(z) < 0.

< 0 and

1<i<n,z—0b; and x — a; have the same sign, whence

Finally, suppose that b; < x < a; for some 1 < j < n. Then

Flz) &/ 1 1 1 1 = 1 1
— — = — — 0
F(x) ;(l’—bi m—a,-) z—b $—a7l+;($—bi+1 m—ai)>

x — —b;
since every term on the right hand side is positive. Moreover, F(x) = b; IL £ =
T — aj T —a;

<0,
so again F'(z) < 0.
Solution 3 by the proposer

Lemma.

F (x) can be represented in form

F =1
(e) =1+ 21 e
where ¢, k = 1,2,...,n are some positive real numbers.
Proof.

(x—by)(x —bg)...(x — bg)
(x —a1) (x —ag) ... (x — ag)

We will prove by Math Induction that for any k& < n there are positive numbers

k
ek (1),i=1,.. ksuchthatFk(x)zl_,_ch(l)‘

Let Fy (x) :=

, k< n.

i=1 Tr — a;
Let dp :=ar, — b >0,k =1,2,....n
-b - -b d

NotethautFl(:E)za7 L_rTaTm L "

T — ay xr — a1 T — a1

A d k i
Since —— L — 14 L then in supposition Fj (z) =1+ > 210) , where
T — Ok+1 T — Qk+1 i=1 % — a4

ek (1) > 0,i=1,...,k < n we obtain

k
Fii (@) = Fk<x>-$_b'“+l‘<1+25_az>< bt

T — Q41 T — Qf+1
k ) k .
14 Cdpyr n Z cx ( N d1cx (1)
T—app Sr—ap o (x—a;) (x — ags1)

k . k .
dk+1 Cl (’l) dk+1ck (’l) 1 1
- ”—*Zm—; \z—a

T — Gk41 ) 1 Q41 — a4 T — Q41

_ g1 Ck Ck din
— 1+ <1+Z _az>+zm_az( )

T — 041 Ap41 Ag+1 — Q4



- 14 dy1F (ag11) +§: k(i) bep1—a
i=1

T — Q41 LG Akl — @

Since Fy (ags+1) > 0 and bgy1 — a; = (bgy1 — ag) + (ax — a;) > 0 then

. b —a;) e (¢ .
Ck+1 (k? + 1) = dk+1Fk (ak+1) >0, Ckt1 (Z) = ( ki1 ) k( ) >0,1=1,2,...,k
Ak41 — G4

k+1
and Fjyq1(2) =1+ Z C£+1((1)
7

Therefore, since F () =1+ Z and ¢ > 0,k =1,2,...,n then

Fle)==%

1 X — ag

( )2 < 0 for any z € Dom (F) = {a1, a9, ....,an} .
T — ay

Solution 4 by Hatef I. Arshagi, Guilford Technical Community College, Jamestown,
NC

We find F'(z),

bl—al .'L’—bg .'L'—bg l‘—bn iL’—bl bg—ag :B—bg l‘—bn

F(z) = . . . . +...+
(z) (r—a1)2 z—ay z—a3 x—a, wx—a (r—a3)? z—a3 xT—a,
:L’—bl :l?—bz (L‘—bj_l bj—aj l'—bj+1 l’—bn+ i
r—a; x—ay zr—aj_1 (r—aj)? xT—aj T —a,
r—by x—by x—b3 b, — an (1)
r—a1 T—ay w—ag (v—ap)?®
We set b b b b
—a x— T — T —
Dl(.’E)= 1 1 2 3 n

(x—a1)? (z—as) (z—a3) z—ap
r—>by by —as r — b x — by,
r—a; (x—a2)? (r—a3) z—ay,

DQ(:L‘) =

:B—bl :E—bz l’—bj_l bj—aj x—bj+1 :E—bn

D;(x) =
(@) r—ar x—ay zT—aj_1 (x—a)? T—ajp1 T —ap

Dn(x):x—bl'a}—bg':ﬂ—bg.“ by, — an, " Then
rT—a; T—as T—as (x — ap)?

=Y Dix).  (2)
k=1

‘We note that because

O<bhi<ar<by<ay<- - <ap_1<b,<ay, (3)
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we have
bj — aj

(2 —a;)?

Let € Dom(F'), then we consider the following cases:

< 0,for all j with 1 <j <mn. (4)

Case 1. Let x = bj,, for some jo € {1,2,--- ,n}, then D; (bj,) =0, for all j # jo, and because

of (3), M > 0, for all j # jo and with (4) we conclude that F’ (b;)) < 0.

bjo —a;

Case 2. Let x < by, then for all j with 1 < j < n, and by using (3), we conclude that and that

Tr — bj
>0. (5)

T — aj

And then by (4) and (5) we get equation (6) that D;(x < by) <0, for all j with 1 < j <n, and

this implies that F'(x < b1) < 0.

Case 3. Let x € (bj,, aj,) for some jo € {1,2,---,n}, we will show that F'(z) is decreasing on

(bjo,aj,). We know that by (4) and (3),, each function f;(x) = T decreasing and positive
T —a;

J
on (bj,,aj,), when j # jo, then for all s,t € (bj,, aj,) with s <t we have

fi®) > fi(s), (7)

x —b;
also fj,(z) = ﬁ is decreasing but negative on (bj,, aj,) and
Jo

Fio(t) > fio(s)- (8)

n n
Now using (7) and (8), we have H i) > H fj(s), that is F'(t) > F(s), whenever
j=1 j=1
s,t € (bj,,a4,) with s < t, the means F(z) is decreasing on (bj,, aj,) or F(z) < 0 on (bjy, ajo).
— b

j
(ajo,bjoﬂ), for je {1,2,--- ,n}, and by (4) and (2), we conclude that F’'(x) < 0, on (an,bj

Case 4. Let xz € (Cljo,bj0+1), for some jo € {1,2,---,n — 1}, then f;(z) = z >0, on

0+1)'

— b

Case 5. Let x € (by,00), then fj(z) = SR RN 0, on (by,00) for all j € {1,2,--- ,n}, and by
T — ay

(4) and (2), we conclude that F'(x) < 0, on (b, 00).

Combining the results of Cases 1-5, we conclude that F’(z) < 0 for any x € Dom(F).

Also solved by Ed Gray, Highland Beach, FL; Paolo Perfetti, Department of
Mathematics, Tor Vergata University, Rome, Italy, and Toshihiro Shimizu,
Kawasaki, Japan.

5377: Proposed by José Luis Diaz-Barrero, Barcelona Tech, Barcelona, Spain

Show that if A, B, C' are the measures of the angles of any triangle ABC' and a, b, ¢ the
measures of the length of its sides, then holds

I] sin'?a-B))< > @+ sin(|A — BJ)
- 3ab '

cyclic cyclic
Solution 1 by Andrea Fanchini Cantu, Italy
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